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Anisotropy of wave-turbulent cascades in a quantum gas
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Emergence of a turbulent cascade in a quantum gas
Nir Navon1, Alexander L. Gaunt1, Robert P. Smith1 & Zoran Hadzibabic1

A central concept in the modern understanding of turbulence is 
the existence of cascades of excitations from large to small length 
scales, or vice versa. This concept was introduced in 1941 by 
Kolmogorov and Obukhov1,2, and such cascades have since been 
observed in various systems, including interplanetary plasmas3, 
supernovae4, ocean waves5 and financial markets6. Despite much 
progress, a quantitative understanding of turbulence remains a 
challenge, owing to the interplay between many length scales that 
makes theoretical simulations of realistic experimental conditions 
difficult. Here we observe the emergence of a turbulent cascade 
in a weakly interacting homogeneous Bose gas—a quantum fluid 
that can be theoretically described on all relevant length scales. 
We prepare a Bose–Einstein condensate in an optical box7, drive 
it out of equilibrium with an oscillating force that pumps energy 
into the system at the largest length scale, study its nonlinear 
response to the periodic drive, and observe a gradual development 
of a cascade characterized by an isotropic power-law distribution 
in momentum space. We numerically model our experiments using 
the Gross–Pitaevskii equation and find excellent agreement with 
the measurements. Our experiments establish the uniform Bose 
gas as a promising new medium for investigating many aspects 
of turbulence, including the interplay between vortex and wave 
turbulence, and the relative importance of quantum and classical 
effects.

Compared to classical fluids, superfluids present fascinating peculiar-
ities such as irrotational and frictionless flow, which raises fundamental  
questions about the character of turbulent cascades8,9. Numerous 
experiments on quantum-fluid turbulence have been performed with 
liquid helium, exploring both vortex8,10–12 and wave turbulence13–15, 
but their theoretical understanding is hampered by the strong interac-
tions that make first-principles descriptions intractable. The situation 
is a priori simpler for an ultracold, weakly interacting Bose gas, which is 
often accurately described by the Gross–Pitaevskii equation (GPE) for 
the complex-valued matter field ψ(r, t) (where r =  (x, y, z) is the spatial 
position and t is time; ref. 16). This equation is widely used to model 
turbulence in quantum fluids17–21, but the numerical results have been 
lacking experimental validation. Experimentally, qualitative evidence 
for turbulence has been seen in quantum gases22–25, but quantitative 
comparisons with theory were hindered by the inhomogeneous density 
that results from harmonic trapping. Here we eliminate this problem 
by studying turbulence in a homogeneous quantum gas.

The basic idea of our experiment is outlined in Fig. 1. We prepare a 
quasi-pure Bose–Einstein condensate (BEC) of 87Rb atoms in a cylin-
drical optical box7, and drive it out of equilibrium with a spatially uni-
form, oscillating force that primarily couples to the lowest, dipole-like 
axial mode. Our box has length L =  27(1) µ m and radius R =  16(1) µ m 
(here and elsewhere, errors represent 1σ uncertainties). For our typical  
atom number N ≈  105, the initial, equilibrium BEC has a chemical 
potential µ/kB ≈  2 nK (where kB is the Boltzmann constant), interaction 
energy per particle Eint/kB ≈  1 nK and negligible kinetic energy, while 
the critical temperature for Bose–Einstein condensation is Tc ≈  50 nK. 
The driving force is provided by a magnetic field gradient that creates 
a potential U(r) =  ∆Uz/L, where the coordinate z is along the axis of 

the box (Fig. 1a). The natural scale for ∆ U, separating weak and strong 
drives, is set by µ.

Numerical simulations in Fig. 1a show the microscopic behaviour 
of a shaken trapped gas, which gradually changes from simple uni-
directional sloshing along z to an omnidirectional turbulent flow; in 
addition to the wave-like motion, we observe vortex lines (depicted in 
red), which are detected by computing the local circulation. (Snapshots 
of the turbulent flow do not obey the cylindrical symmetry of the 
(time-dependent) Hamiltonian. In real physical systems, any such 
symmetry is always broken by imperfections; in our simulations the 
symmetry breaking is provided by the position of the numerical grid.) 
Here the shaking amplitude is ∆ U/µ =  1 and the longest shaking time 
ts =  2 s corresponds to 16 driving periods.

Experimentally, we probe the global properties of the gas by releasing 
it from the trap and imaging it along a radial direction (x) after a long 

1Cavendish Laboratory, University of Cambridge, J. J. Thomson Avenue, Cambridge CB3 0HE, UK.
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Figure 1 | From unidirectional sloshing to isotropic turbulence.  
a, Gross–Pitaevskii simulations of a shaken, box-trapped Bose gas. The 
blue shading indicates the gas density; the red lines indicate vortices. 
b–d, Experimental absorption images taken along x after 100 ms of TOF 
expansion, with N ≈  8 ×  104 atoms (upper panels), and the corresponding 
angular distributions p(θ), averaged over 20 images taken under identical 
conditions (lower panels). b, Initial BEC; c, after shaking for 2 s at 8 Hz 
with amplitude ∆ U/µ ≈  1.2; and d, after the turbulent cloud was allowed 
to relax for 1.5 s. The dashed circle in c corresponds to an expansion 
energy of kBTc/2. In the lower panels, the red lines correspond to the 
diamond-like and isotropic distributions depicted in the insets.

© 2016 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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time-of-flight (TOF) expansion, tTOF ≥  100 ms. From the images we 
extract the centre of mass and momentum distribution of the cloud. 
The position of the centre of mass reflects the axial in-trap sloshing, 
and the evolution of the momentum distribution reveals the cascade 
of excitations from small to large wavevectors k—the so-called direct 
cascade.

In Fig. 1b–d we show a qualitative experimental signature of turbu-
lence with three key examples of TOF images (upper panels) and the 
corresponding angular distributions of atoms p(θ) (lower panels). The 
initial BEC (Fig. 1b) shows an anisotropic expansion, which is driven 
by the conversion of interaction into kinetic energy, and reflects the 
shape of the container26. In sharp contrast, after sufficiently long shak-
ing the expansion is isotropic (Fig. 1c), with p(θ) exhibiting small fluc-
tuations around 1/(2π ). This is the first qualitative signature of a 
kinetic-energy-dominated turbulent state, in which the long-range 
coherence of the BEC is destroyed. We stress that this highly non- 
equilibrium state is fundamentally different from an equilibrium 
non-condensed state, which is also kinetic-energy-dominated and  
displays isotropic expansion. The key point is that, in our box trap, 
there is a large separation between the initial Eint and kBTc. This gives 
us access to the regime in which the total (mostly kinetic) energy per  
particle E satisfies ≪ ≪E E k Tint B c . In this regime, coherence is  
destroyed in the turbulent state, but the corresponding equilibrium 
state with the same E is still deeply condensed. In Fig. 1c, the dashed 
circle corresponds to an expansion energy of kBTc/2, and the average 
energy of the atoms is clearly much lower; from the second moment 
of the TOF distribution we get E ≈   0.12kBTc, which in equilibrium 
would correspond to a condensed fraction η ≈   0.7 (ref. 27). Indeed, if 
we stop shaking and allow the turbulent gas to relax, a BEC reforms 
(Fig. 1d) with the expected η =  0.7(1). For all our studies of the turbu-
lent state we restrict the shaking amplitude (∆ U ≲ 2µ) and time 

(ts ≤  4 s) so that E <   0.25kBTc, which corresponds to an equilibrium  
η of >  0.5.

To see how pumping energy at the largest length scale (with a spa-
tially uniform force) leads to a turbulent cascade, we perform detailed 
spectroscopy of the lowest-lying axial mode of the BEC (see Fig. 2). 
In contrast to the harmonic trap, for which the dipole mode is fixed 
by the trapping frequency (Kohn’s theorem), in the box it depends on 
interactions, which results in nonlinear behaviour for non-vanishing 
shaking amplitudes.

We first study the small-amplitude centre-of-mass response for var-
ious N, using both free and driven oscillations. In the first method, we 
pulse on a constant ∆ U for a short time and let the gas oscillate freely 
in the trap for a variable hold time before releasing it and measuring 
the centre of mass in TOF (Fig. 2a). In the Fourier spectrum of this 
oscillation (orange line in Fig. 2b) we see a single strong peak, with no 
indication that the gradient kick directly couples to other low-lying  
modes. In the second method, we apply a continuous oscillating drive 
of (angular) frequency ω and amplitude ∆ U ≲ 0.5µ, and perform TOF 
measurements after a whole number of drive periods. Similarly to a 
driven harmonic oscillator, the displacement of the centre of mass 
has a dispersive line shape as a function of ω, vanishing on resonance  
(see Methods). As shown in Fig. 2b, the two methods give the same 
resonant frequency ωres.

In Fig. 2c we plot the small-amplitude ωres versus N, and compare 
the data with various theories. The hydrodynamic prediction (solid 
green line) is ωHD =  π c/L, where µ= /c m  is the speed of sound and 
m is the atom mass. This theory assumes that the healing length 

ħξ µ= / m2  (where ħ is the reduced Planck constant) satisfies ξ≪L. 
It is therefore not applicable in the N →  0 limit, where ωres =  3π 2ħ/
(2mL2) (red star in Fig. 2c) is given by the splitting of the lowest axial 
single-particle states. For our largest BEC, L/ξ ≈   20, but ωHD is still 
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Figure 2 | Nonlinear spectroscopy of the lowest axial mode of the BEC 
and the route to turbulence. a, b, Small-amplitude oscillations of the centre 
of mass (along the z axis, see Fig. 1a) for N =  10(1) ×  104. a, Free oscillation 
after a 20-ms kick with ∆ U/kB =  1.7 nK. b, Fourier spectrum of the free 
oscillation in a (orange line), and displacement after a whole number of 
driven oscillations, with driving amplitude ∆ U/kB =  0.3 nK and ts =  2 s (blue 
points). The solid blue line is a fit (see Methods). Error bars in a and b 
represent 1σ errors. c, Small-amplitude ωres versus N for free (orange) and 
driven (blue) oscillations with the same ∆ U and ts values as in a and b. 

Horizontal error bars represent 1σ errors; the ωres errors are smaller  
than the point size. The grey shaded area shows numerical solutions of the 
Bogoliubov equations and the red star is the analytical non-interacting  
limit. Green lines are based on hydrodynamic approximations (see text).  
d, e, Nonlinear response, for N =  8(1) ×  104. d, Driven-oscillation signals as 
in b, for various ∆ U. e, ωres and linewidth Γ versus ∆ U (blue points), and 
the corresponding results of GPE simulations (red bands). Inset, TOF 
anisotropy A versus ∆ U/µ for ts =  4 s of resonant driving. All measurements 
of the centre of mass were done with tTOF =  140 ms.
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We numerically study wave-turbulent cascades of an atomic Bose-Einstein condensate (BEC) by using the Gross-Pitaevskii model. We pump 
energy into a uniform BEC by driving force at the largest scale and investigate gradual developments of cascades in the momentum distributions. 
When we weakly excite the system, the cascade front propagates slowly and anisotropically until 4s. On the other hand, when the driving force 
becomes enough strong, the anisotropy rapidly vanishes and the system reaches the isotropic turbulence. This behavior is qualitatively consistent 
with the experimental observations [1].
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Emergence of a turbulent cascade in a quantum gas
Nir Navon1, Alexander L. Gaunt1, Robert P. Smith1 & Zoran Hadzibabic1

A central concept in the modern understanding of turbulence is 
the existence of cascades of excitations from large to small length 
scales, or vice versa. This concept was introduced in 1941 by 
Kolmogorov and Obukhov1,2, and such cascades have since been 
observed in various systems, including interplanetary plasmas3, 
supernovae4, ocean waves5 and financial markets6. Despite much 
progress, a quantitative understanding of turbulence remains a 
challenge, owing to the interplay between many length scales that 
makes theoretical simulations of realistic experimental conditions 
difficult. Here we observe the emergence of a turbulent cascade 
in a weakly interacting homogeneous Bose gas—a quantum fluid 
that can be theoretically described on all relevant length scales. 
We prepare a Bose–Einstein condensate in an optical box7, drive 
it out of equilibrium with an oscillating force that pumps energy 
into the system at the largest length scale, study its nonlinear 
response to the periodic drive, and observe a gradual development 
of a cascade characterized by an isotropic power-law distribution 
in momentum space. We numerically model our experiments using 
the Gross–Pitaevskii equation and find excellent agreement with 
the measurements. Our experiments establish the uniform Bose 
gas as a promising new medium for investigating many aspects 
of turbulence, including the interplay between vortex and wave 
turbulence, and the relative importance of quantum and classical 
effects.

Compared to classical fluids, superfluids present fascinating peculiar-
ities such as irrotational and frictionless flow, which raises fundamental  
questions about the character of turbulent cascades8,9. Numerous 
experiments on quantum-fluid turbulence have been performed with 
liquid helium, exploring both vortex8,10–12 and wave turbulence13–15, 
but their theoretical understanding is hampered by the strong interac-
tions that make first-principles descriptions intractable. The situation 
is a priori simpler for an ultracold, weakly interacting Bose gas, which is 
often accurately described by the Gross–Pitaevskii equation (GPE) for 
the complex-valued matter field ψ(r, t) (where r =  (x, y, z) is the spatial 
position and t is time; ref. 16). This equation is widely used to model 
turbulence in quantum fluids17–21, but the numerical results have been 
lacking experimental validation. Experimentally, qualitative evidence 
for turbulence has been seen in quantum gases22–25, but quantitative 
comparisons with theory were hindered by the inhomogeneous density 
that results from harmonic trapping. Here we eliminate this problem 
by studying turbulence in a homogeneous quantum gas.

The basic idea of our experiment is outlined in Fig. 1. We prepare a 
quasi-pure Bose–Einstein condensate (BEC) of 87Rb atoms in a cylin-
drical optical box7, and drive it out of equilibrium with a spatially uni-
form, oscillating force that primarily couples to the lowest, dipole-like 
axial mode. Our box has length L =  27(1) µ m and radius R =  16(1) µ m 
(here and elsewhere, errors represent 1σ uncertainties). For our typical  
atom number N ≈  105, the initial, equilibrium BEC has a chemical 
potential µ/kB ≈  2 nK (where kB is the Boltzmann constant), interaction 
energy per particle Eint/kB ≈  1 nK and negligible kinetic energy, while 
the critical temperature for Bose–Einstein condensation is Tc ≈  50 nK. 
The driving force is provided by a magnetic field gradient that creates 
a potential U(r) =  ∆Uz/L, where the coordinate z is along the axis of 

the box (Fig. 1a). The natural scale for ∆ U, separating weak and strong 
drives, is set by µ.

Numerical simulations in Fig. 1a show the microscopic behaviour 
of a shaken trapped gas, which gradually changes from simple uni-
directional sloshing along z to an omnidirectional turbulent flow; in 
addition to the wave-like motion, we observe vortex lines (depicted in 
red), which are detected by computing the local circulation. (Snapshots 
of the turbulent flow do not obey the cylindrical symmetry of the 
(time-dependent) Hamiltonian. In real physical systems, any such 
symmetry is always broken by imperfections; in our simulations the 
symmetry breaking is provided by the position of the numerical grid.) 
Here the shaking amplitude is ∆ U/µ =  1 and the longest shaking time 
ts =  2 s corresponds to 16 driving periods.

Experimentally, we probe the global properties of the gas by releasing 
it from the trap and imaging it along a radial direction (x) after a long 
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Figure 1 | From unidirectional sloshing to isotropic turbulence.  
a, Gross–Pitaevskii simulations of a shaken, box-trapped Bose gas. The 
blue shading indicates the gas density; the red lines indicate vortices. 
b–d, Experimental absorption images taken along x after 100 ms of TOF 
expansion, with N ≈  8 ×  104 atoms (upper panels), and the corresponding 
angular distributions p(θ), averaged over 20 images taken under identical 
conditions (lower panels). b, Initial BEC; c, after shaking for 2 s at 8 Hz 
with amplitude ∆ U/µ ≈  1.2; and d, after the turbulent cloud was allowed 
to relax for 1.5 s. The dashed circle in c corresponds to an expansion 
energy of kBTc/2. In the lower panels, the red lines correspond to the 
diamond-like and isotropic distributions depicted in the insets.
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Navon et al. observed direct cascades after pumping energy at the largest scale of 
a uniform BEC, investigating the momentum distribution in the turbulent state. 
The power exponent observed in the distribution was numerically confirmed [1,2].

・Background

3. Numerical results

Numerical investigations of the anisotropy of a 
turbulent cascade in the momentum distribution 

Main theme

Gross-Pitaevskii model 
ψ(r, t) : macroscopic wave function

BEC in a cylindrical box potential

+
Shaking potential

Vs(r, t) = ΔUsin(ωt)z /L
L : length of the cylindrical box

・Development of a turbulent

    cascade

n(k) ∼ k− γ γ ∼ 3.5
n(k) : momentum distribution

・Time of flight (TOF) images

g : interaction between particles
V(r, t) = Vbox(r) + Vs(r, t) − iVdiss(r)

UD : trap depth

 Anisotropy of the three-dimensional momentum distribution 

initial BEC          after shaking

ñ(y, z) = ∫ n(r)dx

p(θ) = 1
N̄

∫ r2
r1

ñ(rcosθ, rsinθ)rdr

These images taken along the  x axis after 
100ms of TOF expansion

n(r) : density distribution in TOF
・Anisotropy analysis

ΔU/μ

anisotropic isotropic

iVdiss(r) : imaginary potential

p(k, θk, φk) = n(k)k2

N(k) N(k) = ∫
2π

0 ∫
π

0
n(k)k2sinθkdθkdφk

the anisotropy : A(k) = 1
2 ∫

2π

0 ∫
π

0
p(k, θk, φk) − piso sinθkdθkdφk (piso = 1

4π )

 ・Atom-loss dynamics  

time

・Visualizing the dynamics 

kD = 2MUD
ℏ2UD

kD : dissipation wave number

initial state 

No loss 

turbulent state k ≥ kD

n(k) = | ψ̃(k) |2 : momentum distribution

・Momentum space dynamics 

A = 1
2 ∫

2π

0
|p(θ) − 1

2π
|dθ

ΔU/μ = 1.36 (strong excitaion)

z y

x

× 10

0s 0.2s ≈
ΔU/μ = 0.05

ΔU/μ = 0.20

ΔU/μ = 1.36

turbulent state 
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Fig.S2: Atom-loss dynamics in numerical simulations. Atoms lost
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Fig.S3: Momentum-space dynamics in numerical simulations.
n(k) computed for UD = kB ⇥ 120 nK and various shaking times ts.
The power-law momentum distribution n(k) ⇠ k�� , with � ⇡ 3.5,
develops in the wake of the cascade front. A steady state is estab-
lished once the cascade front reaches kD; in this example kD = 8/⇠,
indicated by the vertical grey band.

We also compute the evolution of the momentum distribu-
tion in the presence of shaking and dissipation, supporting the
qualitative picture outlined in Fig. 4A in the main paper. The
momentum distributions are averaged over spherical shells to
obtain n(k), and normalised such that

P
k 4⇡k

2n(k)�k = N ,
where �k = ⇡

20⇠ is the grid resolution in k space. In Fig. S3,
we show n(k) for UD = kB ⇥ 120 nK and various shaking
times ts. The power-law distribution n(k) ⇠ k�3.5 develops
in the wake of the cascade front, and a steady state is estab-
lished in the inertial range once the cascade front reaches the
dissipation scale (grey band).
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5. まとめ
・大統一理論で予言される粒子を加速器で見つけるにはエネルギー不足

・大統一理論スケール GeV , インフレーションスケール GeV

CMB, 大規模構造や中性水素原子の21cm線スペクトルの観測から情報
を得ることが期待されている

インフレーションの有効場理論を利用→
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(ii)べき乗則
同様に頻度と最小サイズの関係を見てみると…

同様のべき則が見えた！！
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<latexit sha1_base64="DqKYe/KNt9a5x1Z74bxV6fEOwcY="></latexit>
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